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Equations for the macroscopic slip velocity on curved walls are derived using the Chapman- 
Enskog solution of Boltzmann’s equation.

1. In order to handle the slip velocity problem 
and to gain the value of the macroscopic slip velo­
city, the Boltzmann equation has to be solved with 
the boundary conditions depending on gas-surface- 
interactions. This problem was solved by 
Loyalka1 for arbitrary gas-wall-interactions and 
plane surfaces.

In the elementary treatment of the Kramer's 
problem 2, it is assumed that the velocity distribu­
tion of gas molecules impinging on the wall is equal 
to the extrapolation of the distribution function far 
from the surface. It follows that the slip boundary 
condition has the same form as that gained by the 
exact solution of Boltzmann’s equation in the neigh­
borhood of the boundary. Only the slip coefficients 
in the two treatments show somewhat different 
numerical values. Therefore, it may be guessed 
that the form of the slip boundary conditions for 
arbitrary curved walls can be derived using the first 
approximation of the Chapman-Enskog solution. 
The results of this procedure are given by the Equa­
tions (1 5 ), (1 6 ).

2 . We start from the definition of the accommo­
dation coefficient o of the momentum tangential 
component

r =  o  T j .  (1)

t denotes the shear stress of the gas at the wall, i. e. 
the normal component of the momentum flux tan­
gential component of the gas molecules.

T =  n  f  V m Vt f ( v )  d v  . (2)

Here m is the mass of a gas molecule, V its velocity, 
f (V)  the velocity distribution function, and ?l the 
(outwards directed) normal unit vector of the wall. 
The normal component of velocity is

vn =  V - t l ,
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its tangential component

vt = n x  { vxn)  .

Tj in (1) is the normal component of the momentum  
flux tangential component of the gas molecules 
impinging on the Avail,

Tl =  n-  f  V m Vt f(v)dv ,
n • v  >  0

written in that coordinate system in which the velo­
city of the solid surface vanishes. A consideration 
of the case where t and have not the same direc­
tion, i. e. where a matrix of accommodation coef­
ficients occurs, shows the following. If the wall is 
isotropic concerning the tangential momentum trans­
fer; and if the coefficients of the accommodation 
matrix are material constants independent on the 
curvature of the wall and on the gas flow, the re­
sulting slip boundary conditions are equal to those 
derived from Equation (1 ).

The mass veloditv ll of the gas molecules,

u  =  ( l f n ( r ) )  f  V f ( v ) d v  , (3)

has the following boundary condition at the wall.

un =  U T l  =  0 .  (4)

n ( r )  in (3) is the particle density of the gas mole­
cules at the point r. With the boundary condition
(4 ), the shear stress t can be given as a function 
of the pressure tensor P  of the gas

P = . j  m W  f { V )  dV ,
where

V  =  v - u

is the peculiar velocity of a gas molecule. From
(2 ), (3 ), (4) it follows that

The expression for T\ corresponding to (5 ), is cal­
culated using the first approximation of the Chap-
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man-Enskog solution. In the absence of a tempera­
ture gradient latter is given by 3

f ( v ) = f W ( v ) + p ( v )  , (6) 

/(°) (v) dv = ~3'“ e-v* n (r) dU ,  (7) 
f(U(v)dv = -  7i~sl2 e ~ v~ 2 B . .  Vw dU , (8) 

where 
U = V V m / 2 k T , (9)

and o
B =  U U B (U )  . (10)

With (4) and (6 ) to (10) the equation for r [  runs 

u u  u  x ft u  x ft
u n  u

gas.)

x\ =  h n  P

+ m u ( \ n ( r )  V + f  Vn / ri) ( v ) d v ) u / u  , (11)
« „ > 0

with the arithmetic mean speed

V =  ( 2 fV n )  V 2 k T l m  .

(5) and (11) are introduced to Equation ( 1 ). This 
yields the following two equations:

( 2  — o ) n - P - l l / i i
2 o m ( U ( r ) V  + f V Hf W{ v ) d v )

V n >  0

(12)

n-P*(Mxn)/u =  0 . (13)

The Chapman-Enskog solution (6 ) to ( 10) yields 
as an equation for the stress tensor in the first ap­
proximation

o
P =  p 1 — 2 a  V  u ,

with p as hydrostatic pressure, and u  as viscosity.
Hence, with Eq. (4) the boundary conditions 

(1 2 ), (13) up to terms of the first order turn to

=  -  C ( ( V u )  n  + n - \ / u )
u

(14)

((Vu) n  +  n  V m )-M x -n- = o  . (15)
u

Herein ; denotes the slip coefficient,

2 —  o __ 2 u

o m n (r) V

The physical meaning of the boundary conditions
(1 4 ), (15) is illustrated, if they are written as equa­
tions for the components of — M -V m . ( - I l ' V u  is 
the gradient of U taken in direction of — Tt, i.e . 
from the wall orthogonal into the interior of the

—̂7 u  1 u x n  n  ■ \ / u  —  =  — u + c o ­
il 2 - u

„  u x n  u  
-  n - \ / u  =  -  co - —

u u

(16)

(17)

with

co =  I curl U

as vorticity of the gas.

3. If the vorticity co was no M-component,

M -curlll  =  0 , (18)

the second boundary condition (17) is simply

„  u x n
n - \ / u ■ = 0 .

u
(19)

According to a theorem in differential geometry 
(18) is the necessary and sufficient condition that 
the flow lines U are orthogonal trajectories of a 
family U of surfaces. Such M-fields are called quasi­
potential fields. The following considerations are 
related to quasipotential fields.

We try to introduce a curvilinear coordinate 
system ( I 1, £2, f 3) (similarly as W aldmann4 in 
his “Non-Equilibrium Thermodynamics of Boundary 
Conditions”). As first coordinate I 1 we take the familiy 
parameter of U.  The surfaces of points having the same 
value of the coordinate £2 are determined as follows. 
The wall itself is considered as one of the ^-surfaces, 
The other | 2-surfaces are orthogonal to ( — tl) -lines 
lying on the surfaces of U and having the direction 
of — n  at the wall. Finally, the £3-surfaces are cho­
sen to be orthogonal to U x  ( — n)  -lines which lie 
also on the surfaces of the family V  and are ortho­
gonal to the ( —tl) -lines. The field of the tangent 
unit vectors of the ( —H)-lines is called the ( — fl)-  
vector-field and that of the MX ( — n)  -lines the 
U x  ( — n)  -vector-field. Basing on the two condi­
tions that both the ( — ft) -field and the (tl x ( — ft) )- 
field are quasipotential, together with condition (18) 
it follows that the geodesic torsion T 2 of the ( — ft)- 
lines is equal to zero

T ,  =  0 . (20)
By the necessary condition (20) the ( — ft)-lines 

are uniquely determined on the surfaces of U,  hence 
also the (tt x ( — ft) )-lines. If the introduction of 
such a curvilinear coordinate system is possible, the
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second slip boundary condition (19) is fulfilled in 
the system ( I 1, | 2, £3), since

T , =  _  (_ n )  -V
u x ( - n )

The first slip boundary condition can be written in 
the system ( I 1, £2, £3) by means of the transforma­
tion equation

d u 1 „  f i k

W  + T I
S / u  = 2 1 e i e, 

i,i

wherein 2j denotes the basis vectors of the coordi­
nate system, (?' the basis vectors of the reciprocal 
system, ul the (contravariant) coordinates of II 
with respect to the basis ßi  and { ’/'} the Christof- 
fel symbols of the second kind. The basis vectors 
€?/ are connected with the fundamental tensor gr­
owing to

Gi ■ e k =  g ik .

For the special orthogonal coordinate system used 
here, it is

U =  u e j V g n  ,
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-  n  = e2/Vg.2o, 

mx ( - n )  = u e J V g :i3, 

and the first slip boundary condition (14)

' 9 n
9 2  2  3 “

u

V9 n

Especially for the rotationally symmetric flow 
around a sphere, the condition is

.  3
dr

(21)

(21 ) gives a correction of order Ijr (I: mean free 
path) compared with the slip boundary condition 
for plane surfaces. This correction has an essential 
influence in that region of slip flow regime lying 
near the transition flow regime.
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